As we shall explain, the dimensions of the stilbene and tolane molecules may be easily predicted when accurate calculations have once been made on the phenylethylene molecule, in which the essential feature is a single bond separating a double bond and an aromatic ring. Robertson and Woodward find th a t the length of the " single" bond in stilbene is 1-44 A, and is therefore very much shorter than the usual single bond. Even shorter is the " single" bond in tolane, the length being 1-41 A. The theory which we develop gives by two different methods of approximation the values 1-44 A in stilbene, and 1*41 A in tolane. In addition, we find th a t distances within the ring are with high approximation the same as those in benzene, and that the C = C and C = C links are practically the same as the corresponding links in ethylene and acetylene respectively. These conclusions are also borne out by experiment.
When constructing a theory to represent the structure of a system such as C = C -C6H 5, one first assumes th a t most of the bonds are localized, and th a t the effect of these is the same as th a t of similar bonds in molecules where they alone are present. There remain eight valencies, one on each carbon atom. The net effect of these is to form a " hyper-bond", whose bonding strength is characteristic of the system, and is different from th at of any classical bond structure. The chief mathematical problem is thus to calculate the most stable state of an eight-electron system, the electrons being located in eight similar atomic orbitals of the carbon atoms. Two methods of approximation are available, th a t of electron pairs and th a t of molecular orbitals. Section I of the present paper is based on the first method, and employs the results previously obtained in paper I I I ; section II is based on the second method, and follows closely the calculations of papers I and II.
I. T h e a ppro x im a tio n of elec tro n pa ir s
The energy W of the most stable state of a 2w-electron system, according to the pair method, may be obtained by solving a determinantal equation of degree ' 2n\/nl(n+ 1)1, in which each element is a linear combinatio terms in Wa nd the exchange integrals between the electrons, taken pairs. The full equation, however, may often be simplified when the system under consideration has any symmetry. Thus, the eight-electron system with which we shall deal is symmetrical about the central plane. In this case, instead of beginning with an equation of order 14, one of order 10 may be substituted. The ten types of canonical structure used for setting up the equation are shown in fig. 1 . Some of the structures, it will be seen, are labelled by two numbers; the numbers refer to the structure shown and its mirror image in the central plane.
Because of the symmetry of the system about the central plane, there are only five independent exchange integrals. Let be the accurate wavefunction for the most stable state in terms of the wave-functions of the canonical structures i:^a = Ei aplri,
in which the coefficients ai are all functions of the five different exchange integrals. The secular equation resulting from the elimination of the cq, of
F ig . 1-T he fourteen canonical stru ctu res for phenylethylene.
order 10, is too difficult to solve without introducing approximations. As a first attem pt we assume th a t all five exchange integrals are equal, and equal to J . The equation is still of order 10, but now depends on only one parameter instead of five. By an approximation of a different type, described in the following paragraphs, this equation can be replaced, without appre ciable loss of accuracy, by an equation of order 6 which can be solved as closely as desired. We then have the energy IT as a numerical multiple of J, and can now obtain an approximate expression W for the complete wave-function of (1).
As a better approximation, we take for the exchange integrals (J + a), where a, b, c, d and e with J and refer to the link A, the link B, the links C, and so on. The orders of the linkages as defined in paper I I I then follow at once, and thence xa, xb, ... xe, the lengths of the linkages ... E. The approximations by which the full equation of order 10 in the single parameter J is reduced to a sixth order equation in J is as follows. We assume th at in the complete wave-function x P a, as defined by (1), the doubly excited structures IX , ... X III all have the same ^-coefficient, and that the triply excited structure XIV can be neglected altogether. There are now only six independent parameters in (1) and their elimination leads to the sixth order secular equation already mentioned. Approximations similar in nature to those just described, but more drastic in degree, have often been made by Pauling and his collaborators, in order to solve the secular equations for systems much more complicated than the one which we are at present considering. Thus all exchange in tegrals in any problem are assumed equal and, for example, the equation for naphthalene, of order 16, is reduced to a cubic. The stability of naphtha lene and other even larger molecules as calculated from these simple equa tions agrees very well with the thermochemical data. The principal reason for this agreement is th at the particular choice of the coefficients aif obtained by solving the full equation in the single parameter J , minimizes the energy W as defined by (2). (For a proof of this statem ent see, for example, the book of Pauling and Wilson (1935) , p. 185.) For the most stable state all the a> i s are positive. Clearly, replacing each of the ai for the set of similar excited structures by something which is very nearly their mean, causes only a small error in W. The effect is to replace those terms of (1) which refer to a par ticular set of excited structures by a single term the summation being over the set, and ai being very close to the average value of the s for the set. Those rows and columns of the secular equation in referring to the ^q's may now be replaced by a single row and column referring to Ei The order of the secular equation in has been appreciably reduced.
Mathematical details
The wave-functions which we use as a basis for setting up the approximate sixth order secular equation are as follows:
where, for example, I means the wave-function for the canonical structure I.
The various elements of the secular equation To obtain a zero-order approximation of this equation in the special case a = 6 = c = d = e = 0, there are two obvious possibilities. The first is to assume th a t in the complete wave-function (1), the ^-coefficients of ^2, \Jr3, and are the same. There results a cubic equation whose basis iŝ T> (^2+ ^3 + ^4 + ^5)* V^e-
The solution of this equation is W = 3-3077 J approximation to l F is W = ^q + 03197(^r2 + + ^4 + ^q) + 0-0629^.,'
The other possibility is th a t taken by Pauling and Sherman (1933) , and used as a basis ^q, (^q + ^q) and (^4 + ^5), neglecting ^q. The energy then works out a t 3-3062J , and the wave-function is At this stage it becomes clear why calculations as elaborate as the one we are describing in this paper are necessary to find the lengths of the bonds. The energy itself, because of the minimum principle, is very insensitive to the choice of an approximate wave-function, but the corresponding estimate of the contributions of the various bonds to the energy may apparently vary considerably. Thus, by comparing (3) and (4), it is seen th a t a change of 25 % in some of the leading coefficients changes the energy by only 0-03 %. By no means can one assume without close investigation th at the coefficients of a, ... e are also insensitive to the same extent. To find a more accurate value of W, and a better approximation to W, we make use of the variation principle. Thus we improve on (3) by writing W = + (0-3197 + Q) f 2 + 0-3197(^3 + ^4 + f 6) + 0-0629^6, and evaluate W as a power series in 6, stopping at terms in 0Z. We now choose 6 to minimize W. Similarly, the other coefficients may be adjusted in succes sion, and the process repeated until finally a wave-function is obtained in which every coefficient is accurate to within 1 %:
(5)
The value of W inclusive of first order terms in a, ... e may now be calculated from (2), and the resulting coefficients of a, ... are accurate to the third decimal place:
The orders of the linkages p, and the corresponding lengths x, may be calculated as described in paper III. The results are summarized in the Rougher approximations, etc.
We have calculated the lengths x by using the approximate functions (3) and (4). W ith (3) the lengths xa to xe in Angstroms are 1-34, 1-45, 1-400, 1-375, 1-394. W ith (4) the lengths are 1-34, 1-45, 1-400, 1-383, 1-393. Both sets of results are extremely good, and are far better than would ever be expected from a superficial comparison of (3), (4), (5). However, errors of about 0-02 A are present. One would therefore anticipate th a t approxima tions similar to (3) or (4) for systems more complicated than an eightelectron system may easily lead to serious errors. Thus, the lengths of the linkages in naphthalene as calculated in paper III may be in error by as much as 0-05 A. Since the total variation found in the lengths was only 0-04 A, little reliance can be placed on the detailed values. More accurate calculations are clearly needed for this molecule.
Another interesting calculation is to find the lengths of the linkages by the method proposed by Pauling, Brockway and Beach (1935) . Using the three functions (3), (4) and (5), the A link in each case is 1-34 A, and the ring distances are very close to the benzene ring distance. The values for the B link are 1-48, 1-48 and 1-49, respectively. These do not compare well with the experimental value 1-44 in stilbene.
I I -T h e o rbita l m ethod
The orbital method provides a means of determining an approximate expression for#", the energy of the " mobile" electrons together with the variation of the localized bonds, as a function of the internuclear distances. By m inim izing^, the equilibrium configuration may be found, and hence the lengths of the linkages. This line of approach has been developed by Lennard-Jones and Turkevitch in papers I and II of this series, where the method and nomenclature which we shall use is given in detail. Our tre a t ment is essentially similar, but is slightly more elaborate, as ^ is now a function of live variables xa, xb, xc, xd, xc instead of only one or two.
As in paper I, we assume th a t the molecular orbitals may be w ritten as the sum of the wave-functions \jfi of the individual atoms, with constant coefficients c;, W = E icifti,(i = 1,2,... 8).
From this equation in the usual way a secular equation is obtained whose elements are functions of the resonance and Coulomb integrals [ia, oca, Pb,ccb, Pc,occ, fid, ccd, Pe, ote , which depend respectively upon the five unknow distances xa, xb, xc, xd and xe (see fig. 2 ). This secular equation is of the eighth order and has the form
To simplify this equation we make use of the symmetry of the system about a central plane. Thus the introduction of zero-order wave-functions (^4 ± ips)' (^5 ± ^7) instead of ^4, ^5, and factorizes the equation into a sixth order equation and a quadratic equation, the quadratic being
E0 -E + a,c + ccd p d P d
To solve the sixth order equation, we assume th a t the diagonal elements of the determinant are identical and equal to e. This approximation is justified because the a 's are small compared with the P's, and the P' The roots of the quadratic, with the same assumptions, are
= PI
Let er be the positive square root of ef and so on; then e0, el5 e2, e3 are proportional to the various /?'s and these are negative. Thus the four most stable orbitals have energies
where e0 = /3d, and el5 e2, e3 are the above roots. Each of these orbitals holds two electrons, and therefore the four orbitals together will absorb all the available electrons. Physically we imagine these electrons to be placed in a framework of carbon atoms joined by single bonds and at a distance apart corresponding to a single bond. After the electrons have been added, the framework has contracted so th at these distances are now x a, xb, xc, xe. Consequently to obtain 3F we must add to the energy of the electrons in the orbitals the " energy of compression" of the C-C distances from the single bond distance s to the equilibrium distances. This is assumed to be ks(x -s)2, where Jcs is one-half the force constant for a single bond C-C distance, determined from vibration spectra. The total energy is therefore
The equilibrium distances are now found by making a minimum with regard to the x/s. This is equivalent to solving the equations
Each of these contains one of the distances xi explicitly, and the integrals
We assume initially th a t all the distances are equal, and hence = = etc. (only the ratio of these integrals is required), and calculate the equili brium distances using equations (6). Using these distances, we determine the resonance integrals as in paper I, and again calculate the equilibrium distances. These in the second approximation were found to agree with those of the first approximation, except in the case of xb. Further approxi mations to xb oscillated between 1-39 A and T48 A without converging. However, when the mean of these, 1-44 A, was used in the calculations as a first attem pt at xb, the same value was obtained in the next approximation, showing th a t the process was now convergent. This example leads us to suspect that, in certain cases, successive approximations for the lengths of the linkages will only be convergent within quite a narrow range on either side of the true value.
The equilibrium distances were found to be
The two distances xa and xb differ only by 0-01 A from the values obtained by the pair method, and the other distances by 0-02 A. Since the C-C distance obtained by Lennard-Jones and Turkevitch in paper II for the benzene ring was 1-37 A, both methods agree th a t the distances in the ring are unaltered.
The small differences between the results of the pair method and of the orbital method has been suggested by Lennard-Jones in paper I as possibly due to an error in the double bond C-C distance. To some extent this is confirmed, as Pauling and Brockway (1937) , from new electron diffraction measurements, find 1-34 A for the double-bond distance, instead of the older value of 1-33 A. This difference of 0-01 A covers the discrepancies between the lengths obtained from experiment and from the two theoretical methods.
Stilbene and tolane
We have now shown by two independent methods th at the lengths of the " single" bond in phenylethylene separating the double bond and the aromatic ring is 1-44 or 1*45 A, th at the double bond is slightly greater (perhaps 0-01 A) than the double bond in ethylene, and th at the ring dis tances are the same as those in benzene. Thus, the substitution of a ring for a hydrogen atom in ethylene leaves the double bond practically unaffected. The lengths of the links given above must therefore apply without modifica tion to the stilbene molecule C6H 5. C H = C H . C6H 5. As mentioned in the introduction, Robertson and Woodward (1937) from their measurements find exactly the values which we have obtained.
Another molecule to which our results may be applied is tolane C6H5. C" C . C6H5. The central link again must be practically unaffected and therefore of length 1-20 A. To obtain the length of the " single" links we must consider an effect additional to those already discussed. The length of a single C-X bond depends on whether the carbon atom also participates in three other single bonds, a double and a single bond, or a triple bond. Thus in the first case there is sp3 hybridization, in the second sp2 and i sp hybridization. Because the s charge distribution is more compact than the p, or for some other cause not understood, the C-H link in = 0 -H is about 0-04 A shorter than it is in CH4 or = C -H. A fuller discussion of the effect is to be found in an article by Penney (1935) . Accordingly, we anti cipate th at the " single" links in tolane are 0-04 A shorter than the corre sponding links in stilbene, i.e. of length 1-40 A or 1-41 A. Robertson and Woodward, in the following paper (p. 436), find 1-405 A.
Phenylmethyl radical
As a m atter of interest, we have calculated by both methods of approxi mation the internuclear distances in the phenylmethyl radical H 2C . C6H 5. The A link has now disappeared, and for the links B, C, D and E, we find xb = 1-38A, xd = 1-38 A,
as a mean of the two methods.
Summary
Calculations are made to find the internuclear distances in molecules containing the system C=C--C6H5. The length obtained for the double bond is the same as th a t in ethylene; the ring distances are the same as those in benzene; but the " single" bond has the peculiarly short length 1-44A. Similarly, in the system C = C -C6H5, the triple bond has a normal length 1-20 A, the ring distances are the same as in benzene, but the " single" bond has a length 1-41 A. Measurements by Robertson and Woodward on stilbene and tolane agree exactly with these results. The rotation of molecules in fields with octahedral symmetry, which is an approximation to the fields in certain crystals, has been investigated by Devonshire (1936) , in a paper in which he shows the types of the wavefunctions for the general field of octahedral symmetry, and then obtains energy-levels for a particular field of this type.
In this paper we shall use Devonshire's method to determine the form of the wave-functions and energy-levels for the similar case when the potential field has not octahedral, but only tetrahedral symmetry, or complete symmetry of the four-point group Td. We shall again take a special form for the potential field, and show how the rotational levels split up as the field is increased, and also how the field modifies the wave-functions corre sponding to the various levels.
This analysis might be applied to the mathematically similar, though physically very dissimilar, case of the electronic energy-levels of tetrahedral
